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Abstract
A novel technique is used to compute the bulk viscosity of high temperature holographic
gauge theory plasmas with softly broken conformal symmetry. Working in a black hole
background which corresponds to a non-trivial solution to the Navier-Stokes equation, and
using a Ward identity for the trace of the stress-energy tensor, it is possible to obtain an
analytic expression for the bulk viscosity. This can be used to verify the high temperature
limit of a conjectured bound on the bulk viscosity for these theories. The bound is saturated
when the conformal symmetry-breaking operator becomes marginal.
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1 Introduction and summary
The gauge-gravity duality [1, 2, 3] has provided an invaluable tool for studying the strongly
coupled limit of large N gauge theories. Perhaps surprisingly, there are features of these
gauge theories which may be relevant to the quark-gluon-plasma (QGP) created at the Rel-
ativistic Heavy Ion Collider (RHIC) at the Brookhaven National Laboratory. In particular,
it seems that the shear viscosity to entropy density ratio of the QGP formed at RHIC is of
the order of [4],
η
s
=
1
4π
(1)
with η the shear viscosity and s the entropy density. The result in (1) was first computed
in [5] and was later shown to hold in a large class of gauge theories with a holographic
dual [6, 7, 8]. Similar relations exist for the electrical conductivity [9] and for higher order
transport coefficients [10]. In a conformal gauge-theory plasma the bulk viscosity, ζ , vanishes,
but in a non-conformal theory the bulk viscosity is, in general, non-zero. In [11] it was
conjectured that the bulk viscosity always satisfies
ζ/η
1
d−1
− c2s
≥ 2 (2)
with d the number of space-time dimensions and cs the speed of sound, for large N , strongly
coupled gauge theories with a holographic dual. The bound (2) was shown to be satisfied in
[12, 11, 13, 14, 15, 16] for various configurations. In [17] an explicit setup where the bound is
slightly violated was constructed. It is not clear if the bulk matter content of this particular
example follows from a truncation of string theory.
In this note, I show that in gauge theories with holographic duals involving gravity and a
scalar which softly breaks the conformal symmetry, the bulk viscosity ζ and speed of sound
cs are given by
1
d− 1 − c
2
s = (d− 2∆) tan
(
π∆
d
)
D(∆, d)
(
Λ
T
)2(d−∆)(
1 +O
(
Λ
T
))
(3)
(
d
4πT
)d−1
ζ = 2π(d−∆)D(∆, d)
(
Λ
T
)2(d−∆)(
1 +O
(
Λ
T
))
, (4)
where
D(∆, d) =
161−∆/d(d−∆)d2(d−∆−1)
2(4π)2(d−∆)(d− 1)2
(
Γ
(
∆
d
)
Γ
(
∆
d
+ 1
2
)
)2
, (5)
1
∆ is the scaling dimension of an operator dual to a bulk scalar, and Λd−∆ is the source term for
this operator which is what breaks conformal invariance. It is assumed that (d−2)/2 ≤ ∆ < d
so the scalar operator is relevant and above the unitarity bound. An expression similar to
(3) was obtained in [18, 19] for d = 4 and 2 < ∆ < 4 and expression (4) restricted to d = 4
and 2 ≤ ∆ < 4 was conjectured in [20], based on a numerical analysis.1 Since (4) is valid in
the high temperature limit, in theories with multiple scalars one should add a contribution
of the form (4) for each scalar. The expressions for the bulk viscosity and speed of sound
agree with the numerical results in the literature [22].2
Using (3) and (4) and computing the leading contribution to the shear viscosity η,
η =
(
d
4πT
)d−1(
1 +O
(
Λ
T
))
,
one finds that
lim
T→∞
ζ/η(
1
d−1
− c2s
) = d−∆
d− 2∆2π cot
(
π∆
d
)
≥ 2. (6)
Curiously, the bound (2) is saturated in the limit where the conformal dimension of the
scalar operator becomes marginal, ∆ = d.
2 Computation of the bulk viscosity
In the hydrodynamic approximation the dynamics of a fluid are specified by a velocity field
uµ(x) (canonically normalized so that uµuµ = −1), an energy density ǫ(x) and chemical
potentials µ(x). In what follows the chemical potentials will be set to zero. The energy
momentum tensor of viscous hydrodynamics takes the form
T µν = ǫuµuν + PP µν − ησµν − ζP µν∂αuα +O(∂2) (7)
1In [18, 19, 20] the normalization of the scalar operator which breaks conformal invariance was such that
its two point function vanishes in the limit ∆→ d/2. This also results in a vanishing speed of sound in this
limit. The conventions in this work follow that of [21]. To go from the conventions of [18, 19, 20] to the ones
in [21] one should divide the source and expectation value of the scalar operator by ∆− d/2. See section 2.2
of [21] for details.
2In particular, one should make the identification Λ2 = 2m2f or Λ
4 = 1
6
m4b for the fermionic and bosonic
deformations discussed in [22].
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where P is the pressure, related to the energy density through the equation of state, η is the
shear viscosity and ζ is the bulk viscosity. The projection operator P µν is given by
P µν = ηµν + uµuν (8)
and σµν is given by
σµν = P µαP νβ (∂αuβ + ∂βuα)− 2
d− 1P
µνP αβ∂αuβ . (9)
Greek indices run from 0 to d − 1 and are raised and lowered with the Minkowski metric
η = diag(−1, 1, . . . , 1). By O(∂2) I mean terms which contain two derivatives of the hydrody-
namic variables, for example σµασ
α
ν . See [23] for a detailed explanation of higher derivative
terms and the derivation of (7).
In a conformally invariant theory the stress-energy tensor is traceless, T µµ = 0 , which
implies ǫ = (d − 1)P and ζ = 0. In this note, conformal invariance will be broken by
sourcing a relevant operator O∆ of conformal dimension ∆, i.e, by adding to the boundary
theory action a term 1
∆− d
2
∫
Λd−∆O∆d
dx.3 Once the theory is not conformal, the trace of the
stress-energy tensor is given by
T µµ = −
∆− d
∆− d
2
〈O∆〉Λd−∆ +A . (10)
The relation (10) can be derived by holographic means, as in [24], or by computing the beta-
function for the source term for O∆, as in [25]. For certain ∆ there will be an anomalous
contribution, A, to the trace of the stress tensor. Since A is independent of O it will not
contribute to the speed of sound or bulk viscosity and will be ignored in what follows.
Comparing (10) with (7) one finds that
− ǫ+ (d− 1)P − (d− 1)ζ∂αuα +O(∂2) = −∆− d
∆− d
2
〈O∆〉Λd−∆ , (11)
so the bulk viscosity can be computed by extracting the term proportional to the gradient
of the velocity field from the right hand side of (11). Such a computation will be carried
out in the remainder of this work for a class of strongly coupled gauge-theory plasmas in the
planar limit, which can be described using the gauge-gravity duality.
3As in [21], the factor (∆− d/2)−1 has been introduced in order to have a non vanishing vacuum expec-
tation value for O∆O∆ in the ∆→ d/2 limit.
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In detail, consider theories whose dual bulk action is given by
S =
1
2κ2
∫ √−g(R− (d− 1)d− 1
2
∂φ∂φ + V (φ)
)
dd+1x (12)
and where conformal invariance is softly broken by sourcing the operator O∆ dual to the
field φ. Working in a coordinate system where the line element near the asymptotically AdS
boundary (located at r →∞) takes the form
ds2 =
1
r2
(
−dv2 +
d−1∑
i=1
(dxi)2
)
+ 2dvdr , (13)
the near boundary series expansion of the bulk field φ is given by [21]
φ =
〈O∆〉
(2∆− d)r
−∆
(
1 +O(r−1))+ Λd−∆
∆− d
2
r∆−d
(
1 +O(r−1))+ . . . (14)
where m2 = 2V ′′(0) = ∆(d − ∆). The expectation value of the operator O∆ dual to φ is
given by 〈O∆〉, while Λd−∆ is a source term for O∆. Once a solution to the equations of
motion following from (12) is found, the expectation value of O∆ can be read off of (14).
A thermal state of the boundary theory corresponds to a black hole geometry [26]. In
the large temperature limit, one can keep only the leading terms in a Λ/T expansion of
the solution to the equations of motion. The near boundary behavior of the scalar field φ
depends linearly on Λd−∆ so to leading order one is allowed to keep only terms linear in φ.
Thus, the Einstein equations are simply
Rmn = −dgmn (15)
where m, n = 0, . . . , d, and the equation of motion for the scalar is
∇2φ−m2φ = 0. (16)
So the problem reduces to finding a black hole solution to the Einstein equations in the
presence of a negative cosmological constant and finding a scalar field propagating in such
a black hole background. It should be noted that this analysis can be easily generalized
to several scalar fields: if the kinetic terms for the scalars are canonical then keeping only
quadratic terms in the scalar potential amounts to decoupling the scalars from one another.
To obtain the high temperature limit of the bulk viscosity of these theories I use (11)
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and compute the expectation value of O∆ in a black hole background which is dual to a
configuration with ∂αu
α 6= 0. But before tackling this problem, it will be instructive to
compute a simpler quantity, the speed of sound, cs. In a stationary configuration, where the
spatial components of the velocity field vanish, one can use c2s = dP/dǫ, to obtain(
1
d− 1 − c
2
s
)
= − ∆− d
(d− 1) (∆− d
2
)Λd−∆∂ǫ〈O∆〉 (17)
from (11). In order to evaluate the right hand side of (17), one needs to compute the
expectation value of the operator 〈O∆〉 dual to φ in a background dual to a stationary
thermal state. Such a background is given by the AdS-Schwarzschild black hole solution
whose line element is
ds2 =
L2
r2
(
−f(r)dv2 +
d−1∑
i=1
(dxi)2
)
+ 2dvdr (18)
where
f(r) = 1− 1
(br)d
(19)
and b = d/(4πT ) with T the Hawking temperature of the black hole, and also the temperature
of the thermal state in the boundary theory. The equation of motion for the scalar in this
background is
∂r
(
r(1− (rb)d)∂rφ
)
rd−1bd−2
+∆(∆− d)φ = 0 . (20)
The solutions to (20) are
φ = P
−1+∆
d
(−1 + 2(rb)d) and φ = Q
−1+∆
d
(−1 + 2(rb)d) (21)
where P and Q are Legendre functions of the first and second kind. The solution to (20)
which is finite everywhere except at the black hole singularity and takes the asymptotic form
(14) near the boundary is
φ(rb) = (Λb)d−∆
2Γ
(
∆
d
)2
dΓ
(
2∆
d
)P
−1+∆
d
(−1 + 2(rb)d) . (22)
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Expanding (22) near the asymptotically AdS boundary and using (14) one can evaluate
〈O∆〉 =
2Γ
(
∆
d
)2
Γ
(
1− 2∆
d
)
b∆Γ
(
1− ∆
d
)2
Γ
(−1 + 2∆
d
)(Λb)d−∆. (23)
Since the background is that of a conformal theory then to leading order in Λ/T the energy
density ǫ should scale as ǫ ∼ T d+1. Using b = d/(4πT ) and (17), one obtains (3).
Now I turn to the slightly more difficult problem of computing the bulk viscosity. As
stated earlier, instead of the traditional approach to computing the bulk viscosity via the
Kubo formula as was done in, for example, [27, 22, 28, 17, 29, 20], I will use (11) in a
background with non vanishing ∂αu
α. Such black hole backgrounds were constructed in
[30, 31, 32, 33]: omitting corrections of order O(∂2), they are given by the line element
ds2 = ds2(0) + ds
2
(1) (24a)
where
ds2(0) = −2uµdxµdr − r2f(br)uµuνdxµdxν + r2Pµνdxµdxν (24b)
with
uµ =
(
1√
1− β2 ,
~β√
1− β2
)
, (24c)
and
ds2(1) =
(
2r2σµνbF (br) +
2
3
r∂au
auµuν − ruα∂αuγ (Pγµuν + Pγνuµ)
)
dxµdxν (24d)
with
F (br) = − ln(br) +
d−1∑
n=1
ln(br − xn)xd−2n∑d−2
k=0(k + 1)x
k
n
. (24e)
In (24e), the xn are the d− 1 roots of the polynomial
∑d−1
n=0 x
n, and b and uµ must satisfy
∂µ
(
b−d
(
duµu
ν + δ νµ
)− b−(d−1)σ νµ ) = O(∂2). (25)
Note that b and uµ now depend on the transverse coordinates xµ. Put differently, (24) is a
solution to (15) to order O(∂2) (as long as the boundary theory stress tensor is conserved,
as in (25)) and describes a configuration of the boundary theory with a non trivial flow. See
[34] for a review.
With the O(∂) solution to (15) at hand one is left with solving (16) in the background
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(24). Similar to the notation in (24a) this solution can be written in the form
φ = φ(0) + φ(1) , (26)
where φ(0) solves the scalar equation up to O(∂). Since at this order the metric is nothing
but a boosted version of (18), φ(0) is given by equation (22),
φ(0)(rb) = (Λb)d−∆
2Γ
(
∆
d
)2
dΓ
(
2∆
d
)P
−1+∆
d
(−1 + 2(rb)d) . (27)
Inserting (26) and (27) into (16) I find that φ(1) must satisfy
∂r
(
r(1− (rb)d)∂rφ(1)
)
rd−1bd−2
+∆(∆− d)φ(1) =
4Γ
(
∆
d
)2
dΓ
(
2∆
d
)r−(d−1)/2∂r (r(d−1)/2P−1+∆
d
(−1 + 2(rb)d))uα∂α ((Λb)d−∆) (28)
where (25) was used to trade the gradient of the velocity field with the directional derivative
of the energy density. After some guesswork, one finds that
φ(1)(rb) = R(rb)P
−1+∆
d
(−1 + 2(rb)d)+ CQ
−1+∆
d
(−1 + 2(rb)d+1) (29)
with
R(x) =
2Γ
(
∆
d
)2
dΓ
(
2∆
d
)buα∂α ((Λb)d−∆)
∫
∞
x
yd−2
yd − 1dy (30)
and C a constant is a solution to (28) which vanishes at the asymptotically AdS boundary.
The function R(x) can be written explicitly in terms of logarithms. Requiring φ(1) to be
finite at r = 1/b implies
C = − 4
d2
Γ
(
∆
d
)2
Γ
(
2∆
d
)buα∂α ((Λb)d−∆) . (31)
Expanding (26) as in (14) one can extract the gradient corrections to 〈O∆〉. Inserting this
expression into (11) and using (25) one obtains (4).
One would have hoped that using this method the second order transport coefficients
of the nonconformal theory (see, for example, [35]) could be computed analytically. Unfor-
tunately, it is difficult to solve the equations of motion for the O(∂2) corrections to φ. A
similar problem arises if one tries to compute the bulk viscosity at finite chemical potential
from the solutions in [36, 37, 38].
7
Acknowledgements
I would like to thank S. Gubser, C. Herzog and I. Klebanov for useful discussions and A.
Nellore for discussions and initial collaboration on this project. This work was supported in
part by the Department of Energy under Grant No. DE-FG02-91ER40671 and by the NSF
under award number PHY-0652782.
References
[1] J. M. Maldacena, The large N limit of superconformal field theories and supergravity,
Adv. Theor. Math. Phys. 2 (1998) 231–252, [hep-th/9711200].
[2] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Gauge theory correlators from
non-critical string theory, Phys. Lett. B428 (1998) 105–114, [hep-th/9802109].
[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998)
253–291, [hep-th/9802150].
[4] P. Romatschke and U. Romatschke, Viscosity Information from Relativistic Nuclear
Collisions: How Perfect is the Fluid Observed at RHIC?, Phys. Rev. Lett. 99 (2007)
172301, [arXiv:0706.1522].
[5] G. Policastro, D. T. Son, and A. O. Starinets, The shear viscosity of strongly coupled
N = 4 supersymmetric Yang-Mills plasma, Phys. Rev. Lett. 87 (2001) 081601,
[hep-th/0104066].
[6] A. Buchel and J. T. Liu, Universality of the shear viscosity in supergravity, Phys. Rev.
Lett. 93 (2004) 090602, [hep-th/0311175].
[7] P. Kovtun, D. T. Son, and A. O. Starinets, Viscosity in strongly interacting quantum
field theories from black hole physics, Phys. Rev. Lett. 94 (2005) 111601,
[hep-th/0405231].
[8] A. Buchel, On universality of stress-energy tensor correlation functions in
supergravity, Phys. Lett. B609 (2005) 392–401, [hep-th/0408095].
[9] P. Kovtun and A. Ritz, Universal conductivity and central charges, Phys. Rev. D78
(2008) 066009, [arXiv:0806.0110].
8
[10] M. Haack and A. Yarom, Universality of second order transport coefficients from the
gauge-string duality, Nucl. Phys. B813 (2009) 140–155, [arXiv:0811.1794].
[11] A. Buchel, Bulk viscosity of gauge theory plasma at strong coupling, Phys. Lett. B663
(2008) 286–289, [arXiv:0708.3459].
[12] J. Mas and J. Tarrio, Hydrodynamics from the Dp-brane, JHEP 05 (2007) 036,
[hep-th/0703093].
[13] A. Buchel and C. Pagnutti, Bulk viscosity of N=2* plasma, Nucl. Phys. B816 (2009)
62–72, [arXiv:0812.3623].
[14] T. Springer, Sound Mode Hydrodynamics from Bulk Scalar Fields, Phys. Rev. D79
(2009) 046003, [arXiv:0810.4354].
[15] I. Kanitscheider and K. Skenderis, Universal hydrodynamics of non-conformal branes,
JHEP 04 (2009) 062, [arXiv:0901.1487].
[16] J. R. David, M. Mahato, and S. R. Wadia, Hydrodynamics from the D1-brane, JHEP
04 (2009) 042, [arXiv:0901.2013].
[17] S. S. Gubser, S. S. Pufu, and F. D. Rocha, Bulk viscosity of strongly coupled plasmas
with holographic duals, JHEP 08 (2008) 085, [arXiv:0806.0407].
[18] A. Cherman, T. D. Cohen, and A. Nellore, A bound on the speed of sound from
holography, Phys. Rev. D80 (2009) 066003, [arXiv:0905.0903].
[19] P. M. Hohler and M. A. Stephanov, Holography and the speed of sound at high
temperatures, Phys. Rev. D80 (2009) 066002, [arXiv:0905.0900].
[20] A. Cherman and A. Nellore, Universal relations of transport coefficients from
holography, Phys. Rev. D80 (2009) 066006, [arXiv:0905.2969].
[21] I. R. Klebanov and E. Witten, AdS/CFT correspondence and symmetry breaking,
Nucl. Phys. B556 (1999) 89–114, [hep-th/9905104].
[22] P. Benincasa, A. Buchel, and A. O. Starinets, Sound waves in strongly coupled
non-conformal gauge theory plasma, Nucl. Phys. B733 (2006) 160–187,
[hep-th/0507026].
9
[23] R. Baier, P. Romatschke, D. T. Son, A. O. Starinets, and M. A. Stephanov,
Relativistic viscous hydrodynamics, conformal invariance, and holography, JHEP 04
(2008) 100, [arXiv:0712.2451].
[24] M. Bianchi, D. Z. Freedman, and K. Skenderis, Holographic Renormalization, Nucl.
Phys. B631 (2002) 159–194, [hep-th/0112119].
[25] A. Petkou and K. Skenderis, A non-renormalization theorem for conformal anomalies,
Nucl. Phys. B561 (1999) 100–116, [hep-th/9906030].
[26] E. Witten, Anti-de Sitter space, thermal phase transition, and confinement in gauge
theories, Adv. Theor. Math. Phys. 2 (1998) 505–532, [hep-th/9803131].
[27] A. Parnachev and A. Starinets, The silence of the little strings, JHEP 10 (2005) 027,
[hep-th/0506144].
[28] P. Benincasa and A. Buchel, Hydrodynamics of Sakai-Sugimoto model in the quenched
approximation, Phys. Lett. B640 (2006) 108–115, [hep-th/0605076].
[29] S. S. Gubser, A. Nellore, S. S. Pufu, and F. D. Rocha, Thermodynamics and bulk
viscosity of approximate black hole duals to finite temperature quantum
chromodynamics, Phys. Rev. Lett. 101 (2008) 131601, [arXiv:0804.1950].
[30] S. Bhattacharyya, V. E. Hubeny, S. Minwalla, and M. Rangamani, Nonlinear Fluid
Dynamics from Gravity, JHEP 02 (2008) 045, [arXiv:0712.2456].
[31] M. Van Raamsdonk, Black Hole Dynamics From Atmospheric Science, JHEP 05
(2008) 106, [arXiv:0802.3224].
[32] M. Haack and A. Yarom, Nonlinear viscous hydrodynamics in various dimensions
using AdS/CFT, JHEP 10 (2008) 063, [arXiv:0806.4602].
[33] S. Bhattacharyya, R. Loganayagam, I. Mandal, S. Minwalla, and A. Sharma,
Conformal Nonlinear Fluid Dynamics from Gravity in Arbitrary Dimensions, JHEP
12 (2008) 116, [arXiv:0809.4272].
[34] M. Rangamani, Gravity & Hydrodynamics: Lectures on the fluid-gravity
correspondence, arXiv:0905.4352.
[35] P. Romatschke, Relativistic Viscous Fluid Dynamics and Non-Equilibrium Entropy,
arXiv:0906.4787.
10
[36] J. Erdmenger, M. Haack, M. Kaminski, and A. Yarom, Fluid dynamics of R-charged
black holes, JHEP 01 (2009) 055, [arXiv:0809.2488].
[37] N. Banerjee et. al., Hydrodynamics from charged black branes, arXiv:0809.2596.
[38] M. Torabian and H.-U. Yee, Holographic nonlinear hydrodynamics from AdS/CFT
with multiple/non-Abelian symmetries, JHEP 08 (2009) 020, [arXiv:0903.4894].
11
